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Laboratory observations of wave group
evolution, including breaking effects
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The nonlinear evolution of deep-water wave groups, which are initiated by unstable
three-wave systems, have been observed in a large wave tank (50 m long, 4.2 m
wide, 2.1 m deep), equipped with a programmable, high-resolution wave generator. A
large number of experiments were conducted (over 80 cases) for waves 1.0–4.0 m long,
initial steepness  = 0.10–0.28, and normalized sideband frequency differences, δω/ω,
0.2–1.4. Using an array of eight high-resolution wave wires distributed in range (up to
43 m fetch), spectral evolution was studied in detail including the effect of background
disturbances on the evolution. Minimizing those, new observations were made which
extend the pioneering work of Lake et al. (1977) and of Melville (1982). Foremost, near
recurrence without downshifting was observed without breaking, despite a significant
but reversible energy transfer to the lower sideband at peak modulation; complete
recurrence was prevented by the spreading of discretized energy to higher frequencies.
Strong breaking was found to increase the transfer of energy from the higher to the
lower sideband and to render that transfer irreversible. The end state of the evolution
following strong breaking is an effective downshifting of the spectral energy, where the
lower and the carrier wave amplitudes nearly coincide; the further evolution of this
almost two-wave system was not studied here. Breaking during strong modulation
was observed not only for the fastest growing initial condition, but over a wide
parameter range. An explanation of the sideband behaviour in both the breaking and
non-breaking case was given based on wave energy and momentum considerations,
including the separate effects of energy and momentum loss due to breaking, and
transfer to discretized higher frequencies throughout the spectra. Attention was drawn
to the latter, which was almost universally observed.
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INTRODUCTION
Implicitly or explicitly, the extraction of information from radar
echoes is based on a physical model of the interaction between
the radar system and the target, the study of which is sometimes
referred to as radar phenomenology [1]. It follows that the detail and fidelity of the physical model determine the prospective
observables, the accuracy of measurement, and the fidelity of
interpretation. Of course, there is little to be gained from employing a highly sophisticated model if the radar measurements
have neither the dimensionality nor the dynamic range to support estimation of the parameters invoked. Contrariwise, there
is much to be lost if valuable information encoded in the target
echoes is overlooked because the signal analysis and interpretation procedures fail to undertake the corresponding decoding
processes.
In the case of over-the-horizon (OTH) radars operating in
the HF band, it is more often than not the case that sins of the
latter type prevail. This should come as no surprise. The present
generation of HF radars can call on technologies that dramatically surpass those available in the 1970s and 1980s, when many
of the best known OTH radars were designed and the associated
interpretative models formulated [2]. These include processors
with extraordinary speed and capacity, signal generators with ultra-low phase noise, precise remote timing and synchronization,
analog-to-digital converters able to digitize the entire HF band
at the antenna outputs, yielding far in excess of 100 dB dynamic
range, high-resolution colour displays and user interface tools,
advanced signal processing algorithms, robust broadband wireless communications networks, detailed geographic information

nitude between 1978 and 2003, while the achievable subclutter
visibility increased by a comparable factor by 2015.
To take full advantage of this symphony of technological advances, the radar system and its operators must be equipped with
the means to detect, isolate, and interpret subtle features in the radar
echoes. This requirement typically manifests itself as a family of
coupled estimation or inverse problems. But, prior to any attempt
to implement such a means, the phenomenology must be explored
by building and experimenting with physical models that reveal
the signatures of prospective observables and quantify the retrievable information. Of course, some performance metrics are direct
beneficiaries of the improvements in dynamic range and computer
speed, without refining the underlying physical models, but they
are the exceptions.
The pursuit of higher fidelity in phenomenological models may
serve several purposes:
i. to improve performance in existing radar missions by understanding the factors that limit performance and developing
ameliorative procedures in design, processing, or operation
ii. to reduce vulnerability to hostile countermeasures of various
types
iii. to establish new capabilities which draw on information hitherto inaccessible or ignored
iv. to honour the spirit of scientific inquiry
We illustrate each of these in later sections, but to make the point
here, consider the following extract from a letter written some
years ago by the Commanding Officer of a major Western OTH
radar to the Chief Scientist of the civilian defense laboratory re-
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Modulation Instability and
Phase-Shifted Fermi-Pasta-Ulam
Recurrence
O. Kimmoun1, H. C. Hsu2, H. Branger1, M. S. Li2, Y. Y. Chen2, C. Kharif1, M. Onorato3,
E. J. R. Kelleher4, B. Kibler5, N. Akhmediev6 & A. Chabchoub7,8
Instabilities are common phenomena frequently observed in nature, sometimes leading to unexpected
catastrophes and disasters in seemingly normal conditions. One prominent form of instability in a
distributed system is its response to a harmonic modulation. Such instability has special names in
various branches of physics and is generally known as modulation instability (MI). The MI leads to a
growth-decay cycle of unstable waves and is therefore related to Fermi-Pasta-Ulam (FPU) recurrence
since breather solutions of the nonlinear Schrödinger equation (NLSE) are known to accurately
describe growth and decay of modulationally unstable waves in conservative systems. Here, we report
theoretical, numerical and experimental evidence of the effect of dissipation on FPU cycles in a super
wave tank, namely their shift in a determined order. In showing that ideal NLSE breather solutions can
describe such dissipative nonlinear dynamics, our results may impact the interpretation of a wide range
of new physics scenarios.
The discovery of the Fermi-Pasta-Ulam (FPU) recurrence was a significant step in nonlinear dynamics. It
describes the natural return cycle of a dynamical system to its initial conditions after undergoing complex motion
dynamics1,2. Meanwhile, the FPU recurrence has been studied and observed in several nonlinear media. For
instance, in hydrodynamics within the framework of the Korteweg De Vries3 equations as well as in a more
broad range in physics within the context of the nonlinear Schrödinger equation (NLSE)4,5, particularly, in the
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ABSTRACT
Modulation instability describes the exponential ampliﬁcation
of a weak perturbation on top of a plane wave background and it
has been extensively studied in the context of weakly nonlinear
evolution equations such as the nonlinear Schrödinger equation
(NLSE). It has been further suggested as a possible generation
mechanism of rogue waves in the oceans. Here, we report on
an experimental laboratory study in which the modulation instability dynamics have been seeded by random noise, added to
a Stokes wave. Similarly to experiments recently performed in
Optics, we show that the development of such spontaneous modulation instability in a water wave tank leads to the emergence of
highly localized structures that can be interpreted as analytical
NLSE breathers. Numerical simulations show very good qualitative agreement with the laboratory experiments.
KEY WORDS: Spontaneous modulation instability, spontaneous
breathers, rogue waves
INTRODUCTION
One possible mechanism responsible for the emergence of oceanic
extreme waves is the modulation instability (MI) which describes
the exponential ampliﬁcation of a periodic perturbation on top of
a Stokes wave as a result of four-wave interaction (Benjamin and
Feir, 1967, Tulin and Waseda, 1999, Kharif et al., 2009). In space,
MI leads to the formation of time-periodic localized waves with
large amplitudes while, in the spectral domain, MI is characterized by the emergence of symmetrical side-bands around the main
frequency peak of the Stokes wave. When seeded by a periodic
perturbation, MI can be described in terms of exact analytical
breather solutions of the nonlinear Schrödinger equation (NLSE)
(Akhmediev et al., 1985) and indeed time-periodic Akhmediev

breathers becomes inﬁnite, leading to the so-called Peregrine soliton (PS) (Peregrine, 1983, Kibler et al., 2010, Chabchoub et al.,
2011), the lowest-order analytical solution to the NLSE which
is fully localized both in space and time. Because the PS amplitude is the largest of all the breathers family (Dudley et al.,
2014, Chabchoub et al., 2016), corresponding to an ampliﬁcation
of the Stokes wave by a factor of three, it has been considered to
be a prototype model to describe ocean rogue waves (Shrira and
Geogjaev, 2010). Furthermore, even though the NLSE model is
in principle only valid to describe the dynamics of narrow-banded
wave ﬁelds, it has been suggested that it may also be applicable
to a broader class of input conditions with breather-type waves
emerging under strong wind forcing (Chabchoub et al., 2013) or
in ocean JONSWAP spectrum conﬁgurations (Chabchoub, 2016).
The fact that analytical breather solutions can be observed in
controlled experiments under various input conditions has then
had a signiﬁcant impact from a practical viewpoint and analytical breathers are nowadays for instance used as testbeds in advanced ocean engineering studies (Onorato et al., 2013, Klein
et al., 2016).
Modulation instability dynamics can be also seeded by random noise present on top of a Stokes wave. Recent experiments in
Optics have shown that, in this case, the broadband nature of the
noise ampliﬁcation process leads to the spontaneous emergence
of localized waves with random amplitudes (Toenger et al., 2015,
Agafontsev and Zakharov, 2015, Soto-Crespo et al., 2016) and
state-of-the-art measurements have conﬁrmed that such spontaneous MI dynamics can be naturally interpreted as analytical
NLSE breathers (Suret et al., 2016, Närhi et al., 2016). In this
paper, we report on an experimental study of the evolution of
an initially perturbed Stokes wave in a large water wave facility.
By recording the wave ﬁeld at several distances along the ﬂume,
we show that the evolution dynamics are governed by spontaneous MI with the corresponding emergence of NLSE breathers.
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of a weak perturbation on top of a plane wave background and it
has been extensively studied in the context of weakly nonlinear
evolution equations such as the nonlinear Schrödinger equation
(NLSE). It has been further suggested as a possible generation
mechanism of rogue waves in the oceans. Here, we report on
an experimental laboratory study in which the modulation instability dynamics have been seeded by random noise, added to
a Stokes wave. Similarly to experiments recently performed in
Optics, we show that the development of such spontaneous modulation instability in a water wave tank leads to the emergence of
highly localized structures that can be interpreted as analytical
NLSE breathers. Numerical simulations show very good qualitative agreement with the laboratory experiments.
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Figure 3: The rst column corresponds to the experimental data, the second to NLS equation in variable bathymetry and th
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third to the comparison between the maximum and the minimum of the upper envelope of the wave train.

when they enter in the shallow water region. However the dissipation is important and part of the decrease
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Campaign I: variable bathymetry
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Abstract: The formation mechanism of extreme waves in the coastal areas is still an open
contemporary problem in fluid mechanics and ocean engineering. Previous studies have shown that
the transition of water depth from a deeper to a shallower zone increases the occurrence probability
of large waves. Indeed, more efforts are required to improve the understanding of extreme wave
statistics variations in such conditions. To achieve this goal, large scale experiments of unidirectional
irregular waves propagating over a variable bottom profile considering different transition water
depths were performed. The validation of two highly nonlinear numerical models was performed
for one representative case. The collected data were examined and interpreted by using spectral
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depths were performed. The validation of two highly nonlinear numerical models was performed
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longer in the experiment than in the simulations. On the other hand, both numerical schemes seem to
underestimate the group velocity as well as the amplitudes of large waves.

Figure 3. Comparison of the free surface elevation normalised by the local significant wave height at
different positions (panel (a)–(g)) between the simulated results of the Boussinesq-type model (blue
lines), whispers3D (red lines) and the measurements (black dot lines). Only the local relative water
depth over the uneven region is marked. The threshold of freak wave basing on crest elevation is
shown (dash lines).

4. Data Processing: Spectral Analysis
Assuming that the free surface elevation is the sum of a large (infinite) number of statistically
independent harmonic waves, each component having a random phase in [−π, π ] and a constant
positive amplitude, we operated with a Gaussian sea state and the statistical characteristics can be
described through simple Fourier analysis. The spectral analysis was applied to both measured and
simulated results. The simulated signals were resampled (by means of interpolation) to have the
same sample points. A low-pass filter was applied to the measured signals to exclude the undesired
high-frequency band which might be contaminated by the electronic noise of the wave probes. The time
window where the analysis was carried out was translated for each wave gauge with the group velocity
Cg ( f p ), which ensured that all analysed signals recorded at different positions roughly started from
the same wave event. The spectra were estimated via Welch’s method. The overlapping factor was
50%, with which the signals were separated into a number of segments. First, the Hann window was
applied to each segment of signal (approximately 80 s), and then it was Fourier-transformed through
213 -point fast Fourier transform (FFT), resulting in a high spectral resolution ∆ f = 0.0061 Hz.
In Figure 4, both the overall spatial evolution of the spectrum and the detailed spectra at four
specific positions are shown. It was observed that, as waves propagate over the deeper region, the wave
spectra are modulated mainly in the low-frequency range ( f < 0.2 Hz), and several low-frequency
modes are formed before the bottom slope. The low-frequency part is a result of the reflection of
unabsorbed long waves and the excitation of the natural modes of the wave flume. The wavemaker
and the damping zone only “absorb” a part of the reflected wave energy. Thus, these low-frequency
modes increase gradually during the test. Over the bottom slope, second-order effect gets increasingly
significant especially around the end of the slope (see the yellow peak at about 2 f p in Figure 4a for
x = 53.5 m and Figure 4b for the corresponding spectrum). After the slope segment, the increase of
the second harmonic disappears rapidly. More and more wave energy transfers to the low-frequency
part, and, as a result, the spectrum broadens. After some distance, due to the energy transfer the
low-frequency peak even exceeds the “original” spectral peak and becomes the “new” highest peak of
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that the two methods give very similar results; the small differences are probably due to the use of
Hann function window (even though a correction factor has already been considered) when computing
the
Fourier
It can be seen that both the Boussinesq-type and whispers3D models8 of
have
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good agreement over the two flat bottom regions, but clearly overestimate the maximum skewness
(triad wave–wave interaction) around the end of the slope. While the generated waves are almost
longer in the experiment than in the simulations. On the other hand, both numerical schemes seem to
symmetric w.r.t. the horizontal axis, they become skewed as they propagate over the slope. Around
underestimate the group velocity as well as the amplitudes of large waves.
the end of the slope, the wave shape is highly asymmetric w.r.t. the horizontal axis, and the symmetry
is not fully recovered in the shallower flat bottom. Regarding the asymmetry parameter, the simulated
results agree well with the measured results. As can be seen, this parameter is almost zero except over
a short region after the slope which implies that the waves generated are almost symmetric w.r.t. the
vertical axis. It is also noted that the presence of the current bottom slope has limited effect on the
asymmetry parameter.
In Figure 11, the evolution of the kurtosis is shown. It fluctuates around 3 except for the area
around the end of the slope, where a local maximum value is observed. This corresponds to the location
of Probe 13. The numerical models predict well the overall evolution of kurtosis along the bottom
profile. However, they both overestimate the kurtosis around the end of the slope, and this trend
is more marked with whispers3D. This is probably because the breaking events in the experiments,
which are not considered in the simulations, limited the maximum wave heights. At the end of the
slope, the prediction of whispers3D is more non-Gaussian compared to that of the Boussinesq-type
model. According to previous studies (e.g., [23]), the local maximum of kurtosis indicates higher
probability of the occurrence of extreme waves. This motivates further investigations of wave height
statistics in similar, however, more complicated configurations.

Nonlinear wave group shoaling

Figure 3. Comparison of the free surface elevation normalised by the local significant wave height at
Skew
bis
differentMesured
positions
(panel (a)–(g)) between the simulated results of the Boussinesq-type model (blue
Mesured Skew
lines),
whispers3D
(red lines) and the measurements (black dot lines). Only the local relative water
1
Boussinesq Skew
bis
depth over
the uneven
region is marked. The threshold of freak wave basing on crest elevation is
Boussinesq
Skew
0.8
Whispers3D Skew
shown (dash
lines). bis
1.2

Whispers3D Skew
Mesured Asym
0.6
bis
4. Data
Processing:
Spectral
Analysis
Boussinesq Asym

bis

0.4
Whispers3D
Assuming
that Asym
thebisfree surface elevation is the sum of a large (infinite) number of statistically
independent harmonic waves, each component having a random phase in [−π, π ] and a constant
0.2
positive amplitude, we operated with a Gaussian sea state and the statistical characteristics can be
described
through simple Fourier analysis. The spectral analysis was applied to both measured and
0
simulated results. The simulated signals were resampled (by means of interpolation) to have the
-0.2
same sample
points.
A low-pass
filter 60
was applied
signals
to exclude
the undesired
0
20
40
80 to the measured
100
120
140
160
high-frequency band which might be contaminated by the electronic noise of the wave probes. The time
window where the analysis was carried out was translated for each wave gauge with the group velocity
Figure 10. Overall evolution of the nonlinear statistical parameters, skewness and asymmetry,
Cg ( f p ), which ensured that all analysed signals recorded at different positions roughly started from
computed from the time series (dash lines) and the bispectrum (solid lines).
the same wave event. The spectra were estimated via Welch’s method. The overlapping factor was
50%, with which the signals were separated into a number of segments. First, the Hann window was
applied to each segment of signal (approximately 80 s), and then it was Fourier-transformed through
213 -point fast Fourier transform (FFT), resulting in a high spectral resolution ∆ f = 0.0061 Hz.
In Figure 4, both the overall spatial evolution of the spectrum and the detailed spectra at four
specific positions are shown. It was observed that, as waves propagate over the deeper region, the wave
spectra are modulated mainly in the low-frequency range ( f < 0.2 Hz), and several low-frequency
modes are formed before the bottom slope. The low-frequency part is a result of the reflection of
unabsorbed long waves and the excitation of the natural modes of the wave flume. The wavemaker
and the damping zone only “absorb” a part of the reflected wave energy. Thus, these low-frequency
modes increase gradually during the test. Over the bottom slope, second-order effect gets increasingly
significant especially around the end of the slope (see the yellow peak at about 2 f p in Figure 4a for
x = 53.5 m and Figure 4b for the corresponding spectrum). After the slope segment, the increase of
the second harmonic disappears rapidly. More and more wave energy transfers to the low-frequency
part, and, as a result, the spectrum broadens. After some distance, due to the energy transfer the
low-frequency peak even exceeds the “original” spectral peak and becomes the “new” highest peak of

18 / 19

that the two methods give very similar results; the small differences are probably due to the use of
Hann function window (even though a correction factor has already been considered) when computing
the
Fourier
It can be seen that both the Boussinesq-type and whispers3D models8 of
have
Fluids
2019, 4,coefficients.
99
24
good agreement over the two flat bottom regions, but clearly overestimate the maximum skewness
(triad wave–wave interaction) around the end of the slope. While the generated waves are almost
longer in the experiment than in the simulations. On the other hand, both numerical schemes seem to
symmetric w.r.t. the horizontal axis, they become skewed as they propagate over the slope. Around
underestimate the group velocity as well as the amplitudes of large waves.
the end of the slope, the wave shape is highly asymmetric w.r.t. the horizontal axis, and the symmetry
is not fully recovered in the shallower flat bottom. Regarding the asymmetry parameter, the simulated
results agree well with the measured results. As can be seen, this parameter is almost zero except over
a short region after the slope which implies that the waves generated are almost symmetric w.r.t. the
vertical axis. It is also noted that the presence of the current bottom slope has limited effect on the
asymmetry parameter.
In Figure 11, the evolution of the kurtosis is shown. It fluctuates around 3 except for the area
around the end of the slope, where a local maximum value is observed. This corresponds to the location
of Probe 13. The numerical models predict well the overall evolution of kurtosis along the bottom
profile. However, they both overestimate the kurtosis around the end of the slope, and this trend
is more marked with whispers3D. This is probably because the breaking events in the experiments,
which are not considered in the simulations, limited the maximum wave heights. At the end of the
slope, the prediction of whispers3D is more non-Gaussian compared to that of the Boussinesq-type
model. According to previous studies (e.g., [23]), the local maximum of kurtosis indicates higher
probability of the occurrence of extreme waves. This motivates further investigations of wave height
statistics in similar, however, more complicated configurations.

Nonlinear wave group shoaling

Figure 3. Comparison of the free surface elevation normalised by the local significant wave height at
Skew
bis
differentMesured
positions
(panel (a)–(g)) between the simulated results of the Boussinesq-type model (blue
Mesured Skew
lines),
whispers3D
(red lines) and the measurements (black dot lines). Only the local relative water
1
Boussinesq Skew
bis
depth over
the uneven
region is marked. The threshold of freak wave basing on crest elevation is
Boussinesq
Skew
0.8
Whispers3D Skew
shown (dash
lines). bis
1.2

Whispers3D Skew
Mesured Asym
0.6
bis
4. Data
Processing:
Spectral
Analysis
Boussinesq Asym

bis

0.4
Whispers3D
Assuming
that Asym
thebisfree surface elevation is the sum of a large (infinite) number of statistically
independent harmonic waves, each component having a random phase in [−π, π ] and a constant
0.2
positive amplitude, we operated with a Gaussian sea state and the statistical characteristics can be
described
through simple Fourier analysis. The spectral analysis was applied to both measured and
0
simulated results. The simulated signals were resampled (by means of interpolation) to have the
-0.2
same sample
points.
A low-pass
filter 60
was applied
signals
to exclude
the undesired
0
20
40
80 to the measured
100
120
140
160
Fluids
2019, 4, 99
15 oftime
24
high-frequency
band which might be contaminated by the electronic noise of the wave probes. The
window where the analysis was carried out was translated for each wave gauge with the group velocity
Figure 10. Overall evolution of the nonlinear statistical parameters, skewness and asymmetry,
Cg ( f p ), which ensured that all analysed signals recorded at different positions roughly started from
computed from the time series (dash lines) and the bispectrum (solid lines).
the same wave event. The spectra were estimated via Welch’s method. The overlapping factor was
50%, with which the signals were separated into a number of segments. First, the Hann window was
applied to each segment of signal (approximately 80 s), and then it was Fourier-transformed through
213 -point fast Fourier transform (FFT), resulting in a high spectral resolution ∆ f = 0.0061 Hz.
In Figure 4, both the overall spatial evolution of the spectrum and the detailed spectra at four
specific positions are shown. It was observed that, as waves propagate over the deeper region, the wave
spectra are modulated mainly in the low-frequency range ( f < 0.2 Hz), and several low-frequency
modes are formed before the bottom slope. The low-frequency part is a result of the reflection of
unabsorbed long waves and the excitation of the natural modes of the wave flume. The wavemaker
and the damping zone only “absorb” a part of the reflected wave energy. Thus, these low-frequency
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7. Data Processing: Wave Height Distribution

The wave height distribution for the nonlinear shallow water waves has been of interest for
oceanographers, as it represents a key input for the design of coastal structures. The understanding of
the shallow water wave height distribution is, for the moment, limited not only due to the complexity of
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