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GENERAL BACKGROUND I
The velocity of wind that excites waves on water surface varies in space and
in time, in magnitude as well as in direction. The statistical parameters of
wind waves in general also vary in time and in space
Temporal Fourier analysis to calculate frequency spectrum ηො (𝜔), is
applicable for stationary waves

Spatial Fourier analysis that yields wave vector spectra ηො (𝒌) is valid only
when the wave field is spatially homogeneous

Wind waves are usually neither stationary nor homogeneous
The general case is thus too complicated for analysis, simplifications
usually are applied:
1.
2.

Duration limited case – wave field is assumed homogeneous and
varies in time only, typically under impulsively applied wind forcing;
Fetch-limited case – stationary inhomogeneous wave field under
steady forcing evolving in space only

GENERAL BACKGROUND II
Nonlinear theoretical analysis of broad-banded water waves is mostly
performed for duration-limited approximation in wave-vector Fourier space
(Zakharov equation for deterministic waves, kinetic equation for
random waves)
Experiments of Zavadsky & Shemer (JFM 2017) studied waves generated by
an impulsively applied wind that necessarily vary in time AND in space.
THERE IS NO TEMPORAL EVOLUTION WITHOUT SPATIAL VARIATION
for waves with a preferred propagation direction

Numerical studies of wave evolution for a duration-limited case based
on theories like the kinetic equation cannot be verified experimentally in a
consistent way!
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All statistical wave parameters at a given location x are independent of time t
enabling application of the spatially evolving frequency spectrum ηො 𝑥, 𝜔 .
The spatial Fourier analysis yielding wave vector spectra ηො (𝒌) is apparently
inapplicable, existence of the frequency spectra allows application of a nonlinear
wave evolution model equation

In the vast majority of laboratory measurements of wind-waves steady wind
forcing is applied, but no attempts were made so far to compare the results
with model predictions
In the present talk, experimental results on the wave field evolution with fetch
accumulated for a wide range of steady wind forcing conditions compared
qualitatively and quantitatively with model simulations

Wave field under steady wind forcing
Results accumulated in our 5 m long wind-wave facility described in JFM 2011, JFM 2017

Selected amplitude spectra
U=8.5 m/s, u* = 0.54 m/s
Wave energy growth and frequency
downshifting with fetch
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In agreement with
Mitsuyasu (1968)

Characteristic wave steepness
determined by Laser Slope Gauge (LSG):
significant nonlinearity at all fetches and
wind velocities.

Summary of the Experimental Findings and Goals
Young fetch-limited wind-waves are random, presumably non-linear, broadbanded, three-dimensional, with peak frequency downshifting and wave
energy growth with fetch.
To assess the relative importance of the different contributions, it is imperative
to carry out comparison of the experimental results with a suitable theoretical
model.

Physical mechanisms that govern wave dissipation and growth due to
interaction with wind are not fully understood; there accurate quantitative
description is not available yet.

A simplified unidirectional model for spatial evolution of wind-waves
is suggested. The model is based on experience on deterministic and
random waves and on wave breaking gained in our laboratory.
The simulation results are directly compared with measurements

Basic Assumptions Adopted in the Model
The semi-deterministic evolution equation for the variation with fetch x of the
amplitude of each frequency harmonic 𝜂ො𝑗 = 𝜂(ω
ො j , 𝑥) takes the following shape:
𝑑𝜂ො𝑗
= 𝑆𝑛𝑙 + 𝑆𝑤𝑖𝑛𝑑 + 𝑆𝑑𝑖𝑠𝑠
𝑑𝑥
The group velocity of the jth harmonic 𝑐𝑔,𝑗 is applied to relate spatial and temporal
variations; the rhs represents the temporal rate of change due to nonlinearity, wind
input and dissipation.
𝑐𝑔,𝑗

The measured mean frequency spectrum at a relatively short fetch x0 serves a
basis for determination of the initial conditions in the simulations.

To account for wave randomness, multiple realizations of the initial spectrum are
obtained by assigning randomly-distributed phases to all harmonics. Monte-Carlo
simulations of the governing equation are then performed.

The Theoretical Model: The Linear Part
1. Wind input
The wind input is assumed to affect mainly the vicinity of the local dominant
frequency fdom(x). The wind input term governing the amplitude of the jth
harmonic is modeled as (Hwang & Sletten 2008)
𝑆𝑤𝑖𝑛𝑑 = 𝛾

𝑢∗
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𝑓𝑑𝑜𝑚 𝑥 𝜂ො𝑗 𝑥 = 𝛽𝑗 (x) 𝜂ො𝑗 𝑥

where the friction velocity 𝑢∗ is constant for a given wind velocity U, the
coefficient 𝛾= 𝑎1 for 𝑓𝑗 − 𝑓𝑑𝑜𝑚 (𝑥) < Δ𝑓 and 0 otherwise; Δ𝑓 =0.5 𝑓𝑑𝑜𝑚 , in
accordance with the typical spectral width in the present measurements.
2. Dissipation

Wave dissipation is mostly associated with breaking, however, for short windwaves viscous dissipation in the surface boundary layer can also be significant.
Wave breaking is incorporated in the 𝑆𝑤𝑖𝑛𝑑 term by adjusting 𝛾. For short
water waves, the rate of viscous dissipation 𝑆𝑑𝑖𝑠𝑠 = −2ν𝑘𝑗2 𝜂ො𝑗 𝑥 = 𝛼𝑗 𝜂ෝ𝑗 (Lamb,
Crapper). Turbulence is accounted for by effective eddy viscosity νeff.

The Theoretical Model: II The Nonlinear Part
Nonlinearity is modeled by the Unidirectional Spatial Zakharov Equation (JFM 2002,
Eur. J. Mech/B-Fluids 2007)
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The nonlinear interactions kernels Vj,l,m,n=V(k(ωj), k(ωl), k(ωm), k(ωn))
(𝑆𝑡𝑖𝑎𝑠𝑠𝑛𝑖𝑒 & Shemer JFM 1984, Krasitskii JFM 1994)

Near- resonant quartets: 𝜔𝑗 + 𝜔𝑙 = 𝜔𝑚 + 𝜔𝑛 , 𝑘𝑗 + 𝑘𝑙 − 𝑘𝑚 − 𝑘𝑛 = 𝑂 𝜀 2 𝑘𝑚𝑛
The complex wave ‘amplitudes’ 𝐵𝑗 = 𝐵(𝜔𝑗 ,x) are defined by the amplitudes of
surface elevation 𝜂(𝜔
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The FULL SPATIAL EVOLUTION EQUATION for ‘amplitudes’ 𝐵𝑗 = 𝐵(𝜔𝑗 ,x) is thus
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The linear approximation
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Linear solution: 𝐵𝑗 = 𝐵 𝑓𝑗 , 𝑥 =𝐵 𝑓𝑗 , 𝑥0 𝑒𝑥𝑝

(𝛽𝑗 (𝑥)−𝛼𝑗 )(𝑥−𝑥0 )

𝑐𝑔,𝑗 (𝑥)

Linear growth/decay exponent U=10.6 m/s, u*=0.73 m/s
The dominant frequency fdom and thus βj are adjusted
every half dominant wave length λdom/2

Simulations vs.
Experiments

Dominant Frequency in nonlinear Monte-Carlo Simulations
Comparison with the linear solution and measurements
Wind velocity U =10.62 m/s; random initial phases; average of 100 realizations

Evolution of wave spectra along the tank:
Experiment vs. Monte Carlo simulations
based on random initial phases and fdom adjustment each λdom/2
Experiment

Simulations

Conclusions
• DIRECT COMPARISON of numerical simulations with experiments demonstrates
qualitative and quantitative agreement
• Simplified unidirectional model allows studying spatial evolution of young broadbanded wind-waves along the tank under steady wind forcing.
• The model accounts for the essential spatial inhomogeneity of an evolving windwave field that renders nonlinear models based on wave vector spectra inapplicable.
• The model allows decoupling effects of wind input, dissipation and nonlinearity; it
demonstrates the relative importance of nonlinearity in frequency downshifting.
• While the essential contribution of nonlinearity is clearly demonstrated, linear
modeling of wind input and of dissipation can grasp some important features of
waves development with fetch. The linear part may be more prominent for less steep
older waves
• The modular character of the model allows incorporation of alternative possible
mechanisms for wind input and wave energy dissipation

The suggested simplified model takes advantage of the experience
accumulated in our laboratory in the theoretical studies of nonlinear
wave evolution, wave tank experiments on deterministic and random
waves, extensive experiments on wind-wave evolution and of wave
breaking under controlled conditions
f dom
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The equation accounts for 4-wave (quartet) wave-wave interactions in a
deterministic and conservative wave system
Modifications are required to account for:
1. Wind input
2. Wave energy dissipation
3. The stochastic and 3D nature of wind waves

Initial conditions should be prescribed matching those in the
experiments

TWO COMMON SIMPLIFIED CASES
I.

DURATION-LIMITED CASE:

Spatially homogeneous wave field is considered – no dependence on fetch
All statistical parameters depend ON TIME ONLY
Duration-limited case was considered in all groundbreaking studies
(Jeffreys, Miles, Phillips, Valenzuela, Kawai, etc.)

Since wind always has a preferred direction, wind-waves
are never spatially homogeneous, and the duration-limited
case cannot be realized in practice
Temporal evolution of spatially uniform wave field is under impulsive
wind forcing is usually considered in the theoretical analysis.

ENERGY BALANCE OF WIND-GENERATED WAVES
𝐷𝐸 𝜔
𝐷𝑡
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+ (𝒄𝒈 ∙ 𝛁𝒙 ) 𝐸 𝜔 = 𝑄𝑛𝑙 + 𝑄𝑖𝑛 + 𝑄𝑑𝑖𝑠 ;

where the horizontal gradient operator 𝛁𝒙 =𝒊Ƹ

𝜕
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𝒄𝒈 =𝒄𝒈 𝜔 is the group velocity vector for the free frequency harmonic 𝜔
For a fetch-limited case,
wave spectral energy density
nonlinear interactions rate
wind input
wave 𝐞𝐧𝐞𝐫𝐠𝐲 𝐝𝐢𝐬𝐬𝐢𝐩𝐚𝐭𝐢𝐨𝐧 𝐫𝐚𝐭𝐞
depend on space coordinate x

𝐸 𝜔 ,
𝑄𝑛𝑙 𝜔
𝑄𝑖𝑛 𝜔
𝑄𝑑𝑖𝑠 𝜔

To predict evolution of the statistical parameters with fetch x, the terms
𝑄𝑛𝑙 𝜔 , 𝑄𝑖𝑛 𝜔 and 𝑄𝑑𝑖𝑠 𝜔 have to be evaluated

TAU Facility for Study of Young Wind Waves
Length 5 m, Width 0.4 m
Height 0.5 m (water depth ≈0.2 m)
Programmable Blower
Maximum wind speed U ≈15 m/s
Surface elevation measured by
capacitance-type wave gauges
Instantaneous surface slope
components 𝜕𝜂ൗ𝜕𝑥 and 𝜕𝜂ൗ𝜕𝑦 by a
Laser Slope Gauge
Wind generation, sensor position and
calibration, as well as data
acquisition are fully automatic
controlled by LabView
Experimental facility and procedure are described in detail in
Zavadsky & Shemer, Journal of Visualized Experiments, e56480, 2018

LINEAR APPROACH TO WIND-WAVES GROWTH
Temporal Growth
𝜷=

𝟏 𝝏𝑬
𝑬 𝝏𝒕

Spatial Growth

- temporal growth rate

Zavadsky & Shemer JFM 2017

𝟏 𝝏𝑬
γ=
𝑬 𝝏𝒙

Caulliez et al. Phys. Fl. 1998
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These results show variation of the
total wave energy E rather than
specific frequency component 𝑬 𝝎

Spatial exponential growth rates
for various constant wind velocities
Symbols –measurements in our wind-wave facility, lines - Plant (JGR 1982)
Liberzon & Shemer, JFM 2011
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Variation along the test section of the LSG-measured
characteristic surface slope values for two wind velocities U

