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1 INTRODUCTION

Third-generation wind wave models are models
where all physical processes governing wave growth
and decay are explicitly parametrized, allowing for a
direct integration in time of all sources and sinks of
wave energy without the need for prescribed spectral
shapes. The critical element in such models is the
computation of nonlinear interactions between so-
called quadruplets of four wave components. These
interactions have two features that make them es-
sential for evaluating wind wave growth. First, they
are thought to be the lowest order process capable of
shifting wave energy to lower frequencies, and hence
lengthening the waves during growth. Secondly, they
are stabilizing spectral shapes for frequencies above
the spectral peak frequency. The practical impli-
cations of these nonlinear interactions were solidly
established in the JONSWAP experiment (Hassel-
mann et al., 1973). Reviews of the interactions and
their impact can be found in, for instance, Ma-
suda (1980), Phillips (1981), Young and Van Vledder
(1993), Komen et al. (1994), Van Vledder (2006), or
WISE Group (2007). In the present study, only se-
lected references will be used as relevant , but not
intended to give a complete overview of the body of
work available on this subject.

The full evaluation of the nonlinear interactions re-
quires the integration of a six-dimensional Boltz-
mann integral, including a complex interaction coef-
ficient with moving singularities. One way of evaluat-
ing these ‘exact’ interactions is the so-called Webb-
Resio-Tracy method (Webb, 1978; Tracy and Resio,

1982; Resio and Perrie, 1991), as implemented in
the portable software package of Van Vledder (2002,
2006)3. Such packages make it feasible to evaluate
the exact interactions in research models, but the
resulting algorithms require several orders of magni-
tude more computational time than is economically
feasible for practical (operational) third-generation
wind wave models.

Operational third-generation wind wave models be-
came feasible with the development of the Discrete
Interaction Approximation (DIA, Hasselmann et al.,
1985). This approximation requires a similar com-
putational effort as all other parts of a typical wave
model combined. The development of the DIA made
operational third-generation wave models like WAM
(WAMDIG, 1988), WAVEWATCH (Tolman, 1991),
and SWAN (Booij et al., 1999) feasible. However,
from its inception, the DIA was recognized as having
limited accuracy, and much effort has been expended
in the ensuing decades to provide a more accurate
yet economical parameterization of the nonlinear in-
teractions. This effort has lead to more economical
near-exact approaches, and more accurate reduced
approaches (cf. the DIA). For semi-operational wave
model applications the SRIAM method (e.g., Ko-
matsu, 1996; Tamura et al., 2008) and the Gener-
alized Multiple DIA (e.g., Tolman, 2009a, 2010b)
have a proven record. Other methods like the Two-
Scale Approximation (TSA, Resio and Perrie, 2008;
Perrie and Resio, 2009) and Neural Network ap-
proaches (e.g., Tolman and Krasnopolsky, 2004; Tol-
man, 2009a) show promise.

1 MMAB contribution Nr. 293
2 E-mail:Hendrik.Tolman@NOAA.gov
3 Model version 5.04 used here
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Most of the above studies address the impact of
improved interactions by showing reduced errors in
interactions for test spectra, and in some case by
showing improved model integration behavior in ide-
alized test cases. Only for the GMD, explicit real-
world test cases are considered to address the im-
pact of the choice of interaction parameterization
on wind wave model behavior (Tolman, 2010b). The
present manuscript presents a further refined version
of the real-world test cases of the latter report. The
tests consist of a synthetic hurricane run (Section 2),
and a real-world storm case on Lake Michigan (Sec-
tion 3). Objective accuracy estimates and relative
model run time estimates are presented in Section 4,
and conclusions are presented in Section 5.

All computations in the present study are performed
with the WAVEWATCH III r© wave modeling frame-
work (Tolman et al., 2002; Tolman, 2009b, hence-
forth denoted ad WW3). Used here is version 3.15,
which augments the publicly released version 3.14
with a fully optimized GMD code. Benchmark re-
sults for each model application are obtained using
the default model setup, replacing the DIA with the
‘exact’ WRT package mentioned above. From such a
benchmark reference run, a set of spectra are saved.
Similar runs are performed with interaction approx-
imations to be tested, saving the equivalent model
spectra. From the two sets of spectra a set of objec-
tive error measures are computed, including mean
wave parameters, one-dimensional spectral param-
eters, and full two-dimensional spectral parameters
(see Tolman, 2010b, for details). For details on model
equations including the GMD, reference is made to
the above quoted papers. Model (interaction) config-
urations used in this study are gathered in Table 1.

Table 1: Nonlinear interaction configurations
used in this study. Note that WAM im-
plies nonlinear interaction configuration,
not other physics from WAM model.

ID Description
WAM GMD with DIA config. from WAM
WW3 GMD with DIA config. from WW3
G11d GMD with optimized DIA config.
G13d GMD with 3 DIA quadruplets.
G35d GMD with 5 quadruplets that are

fully configurable.
WRT Exact interactions (baseline)

Several additional consideration apply to this study.
First, the GMD is used as a proxy for a set of in-
creasingly complex and accurate nonlinear interac-
tion parameterizations. This is done because other
parameterizations, like the SRIAM and TSA, are not
(yet) available in WW3. Once such parameteriza-
tions become available in WW3, they can easily be
added to the model comparison, using the optimiza-
tion and validation package designed for the GMD
as presented in Tolman (2010a). The latter package
is intended to be distributed with the next public re-
lease of WW3, and includes the two real-world test
considered here.

Second, the default source term options in WW3
have been developed (tuned) to operate with the
DIA, and hence are not expected to be fully opti-
mized when used in the baseline WRT computation.
It is therefore sensible to compare model results ob-
tained with other nonlinear parameterizations to the
baseline WRT results, but it is not sensible to com-
pare the various model results to observations which
are available for the Lake Michigan case.

Finally, as noted in Tolman (2010b) computations
with the WRT are sensitive to the discrete spec-
tral range used in the wave model. For the hurri-
cane test presented in the latter report the range
was insufficient, which was remedied for the Lake
Michigan case. For the present study, the hurricane
test have been recomputed with an expanded dis-
crete frequency range, which accounts for differences
in hurricane results presented here when compared
to the results of Tolman (2010b).

2 HURRICANE CASE

The synthetic hurricane considered here is taken
from one of the test cases distributed with WW3.
The hurricane winds are described with a Rankin
vortex with a maximum wind speed of 45 ms−1

and a radius of maximum wind of 50 km. The hur-
ricane (and the computational grids) move to the
right (east) with a speed of 5 ms−1. Three telescop-
ing grids with resolutions of 50, 15 and 5 km are
used. All grids are centered on the eye of the hur-
ricane. Computations start with an ocean at rest,
and continue for 24 h, at which time the spectra at
33 locations are saved for model intercomparisons
(see Fig. 1). The maximum wave height at the end
of the computation exceed 12 m and occur at the
south-east of the eye, in the area where the so-called
‘dynamic fetch’ occurs (see Fig. 1).
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Fig. 1: Significant wave heights Hs in m for the
reference WRT model run at the end of
the computation. Symbols identify loca-
tions where test spectra are saved.

The GMD in the traditional DIA configuration re-
sults in surprisingly large errors in wave heights
(> 1 m, error defined as differences between ap-
proximate and exact interactions). This is illustrated
in Fig. 2a with the differences between the WW3
configuration and the reference results of Fig. 1.
The largest errors occur away from the largest wave
heights, and correspond to local relative wave height
error of over 20% (Figure no presented here). The
WW3 results are representative in magnitude with
those of other DIA configurations (WAM, G11d), al-
though error patterns may differ in details. For all
DIA configurations positive wave height errors oc-
cur to the north, whereas negative errors occur to
the south and east. Considering three representa-
tive quadruplets while using the quadruplet config-
uration of the DIA (G13d, Fig. 2b) reduces wave
height errors to be generally less than 0.5 m, ex-
cept for small areas near the eye of the storm. Con-
sidering five representative quadruplets while using
arbitrarily configurable quadruplets (G35d, Fig. 2c)
virtually removes wave height errors with error ex-
ceeding 0.2 m only in a small area near the maxi-
mum wave height. For practical hurricane wave fore-
casting, model errors still appear dominated by er-
rors in the wind forecasts, and validation is ham-
pered by the sparsity of observations (e.g., Tolman
et al., 2005). However, systematic differences in wave
heights per quadrant of up to 20% should be notable
in operational forecasting.

Fig. 2: Significant wave height differences in m
with reference run for the hurricane for
various interaction approximations from
Table 1. (a) WW3. (b) G13d. (c) G35d.
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Fig. 3: Spectral behavior of various nonlinear approaches for output point 35 km south and 35 km east
of eye of hurricane. (a) Two-dimensional spectrum. (b) One-dimensional spectrum. (c) Steepness
spectrum.(d) Mean spectral direction. (e) Directional spread. (f) Interactions. Green line: exact
(WRT) solution. Dashed green line: G35d. Blue line: G13d. Red line: G11d. Dashed black line in
(d) represents wind direction.

The hurricane test case includes a wide variety of
wave conditions, including dominant (sheared) wind
seas, dominant swells, and mixed seas. Figure 3
shows spectral results for a slightly sheared wind sea,
near the location of the maximum wave height. Re-
sults for the various nonlinear approaches at this lo-
cation are similar to those obtained for the idealized
test cases in Tolman (2010b); In the energy spec-
trum (Fig. 3b) the DIA equivalent approach (G11d,
red line) severely underestimates the spectral peak
(WRT, green line), the expanded DIA (G13d, blue
line) reduces this error and the most complex GMD
considered here (G35d, dashed green line) removes
most of the error. Similar behavior is found for the
interactions (Fig. 3f), and the DIA equivalent ap-
proach overestimates the directional spread above
the spectral peak frequency (Fig. 3e).

Figure 4 shows spectral results for a swell traveling
ahead of the hurricane in the northeastern quadrant.
Note that the optimization of the GMD focuses on
wind seas, and not on swell, with the implicit as-
sumption that accurate swell predictions require ac-
curate predictions of the wind seas from which they
originate. The testing, however, does not explicitly
enforce accurate interactions for resulting swells. For

the spectrum and steepness spectrum (Figs. 4b,c)
the G13d and G35d approaches show a moderate
but expected improvement compared to the DIA
(G11d) approach. The interaction signature of the
swell (Fig. 4f) for frequencies below 0.1 Hz is sur-
prisingly accurate for the G13d approach (blue line),
and qualitatively accurate for the G35d approach
(dashed green line).

Finally, Fig. 5 shows a case with a developing bi-
modal sea. The full spectrum (Fig. 5a) shows a wind
sea developing under a nearly straight angle with a
swell. In the one-dimensional spectrum and steep-
ness spectra (Figs. 5b,c), the two wave fields can
also be identified, albeit not as clearly as in the
full spectrum. Improvements with increasing com-
plexity of the interaction approximation again are
clear. Particularly impressive is the resulting inter-
action from the G35d approach (dashed green line
in Fig. 5f), which follows the non-conventional signa-
ture of the exact interactions (solid green line) with
a high degree of accuracy. The G13d approach is also
an impressive improvement over the DIA, with get-
ting patterns reproduced accurately, but with some
amplitude errors compared to the G35d approach.
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Fig. 4 : Like Fig. 3 for output point 350 km north and 350 km east of eye of hurricane.
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Fig. 5 : Like Fig. 3 for output point 350 km south and 350 km west of eye of hurricane.

5



12 24 36 48
0

1

2

3

4

 t (h)

 H
s

(m)

(a)

12 24 36 48
0

0.09

0.18

0.27

0.36

 t (h)

 f
p

(Hz)

(b)

12 24 36 48
−180

−90

0

90

180

 t (h)

−θ

(o)

(c)

12 24 36 48
0

15

30

45

60

 t (h)

σθ

(o)

(d)

Fig. 7: Evolution in time of a) significant wave height, b) peak frequency , c) mean direction, and d)
directional spread at location 45007 for the Lake Michigan test case. Time in h from Oct. 6, 2009,
00z, saving data starting at 09z. Green: WRT. Dashed green: G35d. Blue: G13d. Red: G13d. Red
dashed : WW3. Red dotted: WAM. Solid black line in panel c represents wind direction.

Fig. 6: Significant wave heights Hs in m for the
reference WRT model run for Lake Michi-
gan at Oct. 7 05z. The symbol at the
south side of the lake identifies the loca-
tion of buoy 45007 where hourly test spec-
tra are saved. Black and red vectors are
wave and wind directions, respectively.

3 LAKE MICHIGAN

The second realistic test considers a storm on Lake
Michigan on Oct. 6-7, 2009. The model grid is taken
from NCEP’s operational Great Lakes wave mod-
els, and winds consist of analyses performed by The
Great Lakes Environmental Research Laboratory
(GLERL). The peak of the storm in the southern
part of the lake occurs around 05z on October 7 with
wave conditions as shown in Fig. 6. Hourly spectra
are saved for the location of buoy 45007 (see Fig. 6).
The model is started without waves, and the results
for the first nine hours of October 6 are discarded as
a spin-up for the model, resulting in 40 spectra for
validation.

For the Lake Michigan test, the differences between
the models with the various interaction approxima-
tions are smaller than for the hurricane. This is illus-
trated with the time evolution of mean wave param-
eters at the location of buoy 45007 in Fig. 7, showing
the wave height, spectral peak frequency, mean wave
direction and mean directional spread for all model
configurations of Table 1.
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Fig. 8 : Like Fig. 3 for Lake Michigan test at location of buoy 45007 at October 7, 06z.
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Fig. 9 : Like Fig. 3 for Lake Michigan test at location of buoy 45007 at October 8, 00z.
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For the significant wave heights presented in Fig. 7a,
the traditional WAM and G11d configurations (dot-
ted and solid red lines) show a small but system-
atic underestimation of the expected WRT solution
(green line). All other configurations, however, in-
cluding the WW3 configurations (G11d, red line),
show excellent results. Similar results are found for
the spectral peak frequency (Fig. 7b), where particu-
larly the WW3 configuration overestimates the peak
frequency. By now, this is a well established spuri-
ous feature of the default WAVEWATCH III model,
which can be attributed to its DIA configuration.
The mean directions (Fig. 7c) are generally well de-
scribed, and the directional spread (Fig. 7d) tend to
be overestimated by the DIA configurations as ex-
pected. Note, however, that the directional spread is
not overestimated by the DIA configurations during
the peak of the storm event (between hours 24 and
36). Hence, these typical DIA-induced errors cannot
always be expected.

Figures 8 and 9 show spectral parameters at the
buoy location at the peak of the storm, and at the
end of the computation. At the peak of the storm
(Fig. 8), the spectrum is dominated by a wind sea
with some shearing and separation at low frequen-
cies. All spectral parameters behave as expected for
wind seas, with errors of the different interaction pa-
rameterizations in line with those expected from the
idealized test cases. At the end of the computation, a
swell and a wind sea coexist, as is clear in the spectra
presented in Fig. 9a-c. Even in these more complex
conditions than those used in optimizing the GMD,
it is clear that the more complex configurations out-
perform the traditional DIA configuration. Particu-
larly the swell representation in the spectrum and in
the steepness spectrum from the G35d configuration
is excellent.

4 DISCUSSION

The results of the hurricane and Lake Michigan tests
presented in the previous two sections show a signifi-
cant improvement of the wave model with increasing
complexity of the interaction approximation. Objec-
tive error measures, as defined in Tolman (2010b) are
presented in Table 2. Errors for the non-optimized
configurations (WAM, WW3) are virtually identical
to those found in the idealized test. The optimized
configurations show a similar pattern of reduction of
errors, albeit with a somewhat larger resulting error.
The latter could be expected for independent versus

Table 2: Synopsis of model performance for
practical test cases for model configura-
tions of Table 1. Tn is the model run time,
normalized with the results of the default
wave model with the traditional DIA im-
plementation, ε is the objective model er-
ror from Tolman (2010b).

Hurricane L. Michigan
ID Tn (-) ε (%) Tn (-) ε (%)

WW3 1.20 27.5 1.16 23.5
WAM 0.99 28.7 1.09 24.9
G11d 1.05 26.3 1.10 21.8
G13d 1.50 19.1 1.45 16.8
G35d 3.53 14.9 4.04 14.1
WRT 1360 — 370 —

dependent tests, whereas the former clearly indicates
that the optimization for idealized cases indeed im-
proves practical model behavior, and hence validates
the optimization approach used for the GMD.

Table 2 also present normalized run times of the
various model configurations, obtained on NCEP’s
IBM SP using 64 processors4. The run times are
normalized with the run times of a model with the
default DIA implementation in WW3 configuration.
The fact that the normalized WW3 run times are
larger than 1 by approximately 20% reflects the ad-
ditional complexity of the shallow water implemen-
tation of the GMD and the corresponding increase
in computational costs. The WAM and G11d con-
figurations use an GMD configuration with identi-
cal computational cost as the WW3 configuration,
yet result in somewhat cheaper models. This is as-
sociated with the dynamic time stepping scheme for
source term integration as used in the wave model;
WAM and G11d result in smoother model integra-
tion with larger time steps, and hence in a more
economical wave model.

The G13d configuration results in a significantly
more accurate wave model (see previous sections),
at a most increase in run time of approximately 50%
(see Table 2). This appears highly feasible in oper-
ational wind wave models, and is likely to be intro-
duced in the operational wind wave models at NCEP
in the near future.

4 More resources were used for the WRT runs, making the corresponding normalized run times estimates.
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The most accurate GMD configuration (G35d) re-
sults in a more substantial increase of computational
costs of typically a factor of 4. This is more difficult
to justify in operational wave models, but may be-
come feasible in the near future with the ever in-
creasing power of super computers. This configu-
ration may be a candidate for combination with a
Neural Network to accelerate the computations (see
Tolman and Krasnopolsky, 2004; Tolman, 2009a).
Furthermore, G35d is orders of magnitude more eco-
nomical that the WRT based computations. Consid-
ering its high accuracy, such a configuration should
be for research in realistic conditions, where the fac-
tor of four increase in run time compared to the tra-
ditional DIA should be less of an issue, but where an
additional factor of 100-400 (Table 2) for a compu-
tation using the WRT methods still is not feasible.

In the introduction, it has been mentioned that the
GMD configurations are used as proxies for other
methods like SRIAM, that are not (yet) available in
WAVEWATCH III. The same is true for other ‘ex-
act’ approaches and reduced versions thereof. When
implemented in WAVEWATCH III, the optimiza-
tion package for the GMD can be used to objec-
tively benchmark accuracy as well as economy of
each approach. Note that the package can use arbi-
trary model runs as benchmarks, and is not hard-
wired to the WRT method. It can therefore also be
used to intercompare ‘exact’ approaches, and/or de-
velop or validated GMD configurations against other
‘exact’ approaches.

5 CONCLUSIONS

A set of Generalized Multiple DIA (GMD) configu-
rations with increasing complexity is used to test the
impact of corresponding errors and model improve-
ments in realistic conditions (a synthetic hurricane
and a storm on Lake Michigan). It is shown that
the traditional DIA results in surprisingly large wave
height errors in hurricane conditions, and smaller
errors in the Lake Michigan case. In both cases,
the DIA results in significant errors in spectral pa-
rameters. A GMD with three DIA-style representa-
tive quadruplets significantly reduces all errors, at
a moderate increase in model run time of approxi-
mately 50%. Such an improvement appears feasible
and justifiable in operational wave models. A more
complex GMD configuration removes most errors at
the cost of increasing model run times by a factor
4. This may or may not be feasible for operational
wave models, but should be used for research modes
as it reduces model run times compared to using the

full WRT method by orders of magnitude. The ob-
jective accuracy and cost estimates used here can
easily be applied to any interaction approximation
implemented in WAVEWATCH III.
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