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Hamiltonjan |
HamiltonianH is the total energy of the fluidl =717+ U
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Normal variables a;.

a; satisfies the equation

day , oH
ot oay

=0,

Three wave resonances are absent

k= kl + k27

W — wk1+wk2, NO.

Cubic nonresonat terms can be excluded by canonical
transformation:

ap — bk
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Transformation a; — by
ap = bk+/rzlk25klbk25kklk2 —Q/inl b Ok Ok kg ko

7k kki 7.
+ / L iker ko 0, Ory Ok by +kep T / By 0k, Oko Ok Oty —ky— ks + -

kki
Bkgkg T Fkgkl kgrkkg k+Fk3k1—k3Fkk2 ko
k3 k1 ko
Fkgk k'QFklk'?,—k'l o Fkgkl—kgrklkg—kl_

k+k1 pkotks nkk1
o Fkkl Fkgkg _|_ F_k_klkklr_kQ_kSkaS _|_ Bkgkg'

"’kk . . . . . A .
B, .. 1s arbitrary function, satisfying symmetry conditions:
nkki _ pkik _ pkki Hkoks\ *
Bk2k3 T Bk2k3 T Bkgkg T _(Bkkl ) .

This transformation is canonical up to the ordefigf.
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Classical variablesy,
Here
1 Vi 1 Uk ks

e = T _ __
kik kk1ko .
12 2wk+wk1+wk2

ka — Wk — W,

Simplest choiceB,"; = 0.

1
H = /wkbkadk—l—Z /T:ﬁfgbz 7;1bkzbk35k_|_k1_kz_kgd]{dkldkgdkg—l—. N
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Zakharov equation

. 1
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Zakharov equation
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T@’“S vanishes

On the resonant manifolld

/{+k1:]€2—|—]€3, wk_l_wkl:wkg_'_wkg)
ko= a(l+)
kl = CL(l ‘|‘C)2C27
ko = —CLQQ,

ks = a(l+¢+ )%

here0 < ( < 1anda > 0.
T2 = 0!

?

If so, it is possible to exclude four-wave interactions
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Fact and observation
Waves moving in the same direction preserve this

property (there is no backward radiation).
So we can consider waves witih> 0.

Nontrivial 4-wave resonance Is absent. So, only
wave scattering to itself is important.

k+ki = k+ kK, Wi+ Wk, = Wk + Wk, ,

This scattering Is decribed by diagonal parﬂ@fgf?’,
which is

A 1
Tyt = Thay = kIl (k + Ba| = [k = Ra).
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Choice of canonical transtorma-
tion A

Using this diagonal parti(.,), one can construct the
following function:

~ 1 1
T:fkls — |:§<Tkk2 + Thks + Thiko + Thiks) — Z<Tkk + Thyky + Thoky + Thaks) | 0(kk1kaks)

T, coincides with original four-wave coefficient on
the resonant manifold. Choog#" as follow

Skky ok
Tk27€3 Tk2k3

Wk + Wk, — Wky — Wiy

By, =
1 ~
H = /wkbkb;:dk—FZ /ngfBbezlkabk:ﬂ(slek2k3dkd]€1dk20
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Compact Hamiltonian

H = /E*gKlﬂmm4- /ﬁﬁQ{ (b — b V) — }ﬂmﬂ

Corresponding dynamical equation is

31) . i |, 0 0 0
K1/2 v /2 k! Y 2
A RS L r R i riC )}
1 / a /
- 4[RO - SkmR)|.
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Monochromatic wave
b(z) = Bye!for=«ol)  B.is arbitrary

IS the simplest solution. One can get the following
relation

1
Wy = Wk, + 5168’30’2

Wk
’30’2 — k—ong)?
0

One can recover well known Stokes correction to the
frequency due to finite wave amplitude.

1
wo = Wi, (1 + 5763\770’2)-
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NLSE, Dysthe and beyond

Equation for amplitude of the wave train can be also
easily derived. Let us introduce envelopér, t) so
that

b(z,t) = B(x,t)e'For—wol),

B(z,t) is also normal hamiltonian variable and
Hamiltonian for it is the following:

H = /B*(@k0+k_wk0)de_|_

1 ' .
+ Z/\B’H'kOBy? {%(BB’*—B*B’)JrkO\B\Q—K
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NLSE, Dysthe and beyond

B(z,t) can be slowly varing function. Then expand

(Wk,+x — Wk, ) @nd neglect derivatives in nonlinear
term one can get NLSE

. 1 1
iB = —iw), B" — 5“’1/«/0 "+ 5/{3]3]2B.

If we keep first derivatives in the Hamiltonian we
derive Dysthe equation.

H = /B*(@k0+k—wko)BdCIZ

1 3t .
+ Z/k%]BF {%(BB’* — B*B) + ky|B|* — K|B|?
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iodulational Instaplity of

monochromatic wave
Consider solution as follow:

b= (By + 6b(w,t))e!For—wol)

whereB, = const. Linearized equation fé(z, t) has
solution as follow

5b — 5b€’ykt—|—i(ka}—ﬂkt) ’

Then for growth rate;. the following formula is valid:

1wy k| k?
2 k 2\1.2 | ,,2 2

Vi = =521 —6u°)k” | pu (ko — —=—)" — —| .
" 8/{6‘( ) (o 2) 3
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Going to 3D fluid

1 K .
H = /b*@kbdx +7 /\b’\Q %(bb’* — b)) — K\b\z} dz.

In the spirit of Kadomtsev-Petviashvili equation for
Korteveg-de-Vries equation:

H = /b Wk, Ky bdxdy + — /’b, ‘2 { b/* — b*b/) x‘b‘Q
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Spatial equation
Start with dispersion relation:

w=Vk+ Q/Tlfg;ybkl\?dkl

Introduce frequency variable instead of¢
b(k) — b(w), dk = 2wdw
Approximately

Wi

k=w?+2 /Tﬁwllbwl\zwldwl

133

T;";"f — —4ww1T;";"11 = ——w W (w2 +w% — ]w2 — w%])

T
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Spatial equation

0b,, 1 [ =
iaa: — w2bw+§/Tjj°l"35(w+w1—wg—wg)x

X b:;l bw2 bwl dw1 dwg dwg :

T“2*s can be recovered from diagonal part
1

Tw2w3 — Tﬁ;&}; + Tﬁ;&}; + Tw1w2 + Twlw?)_

W1 W12 Wiws
1 - . Ny .
- ww w11 wWol9o wgwg]
[Tww _|_ Twlwl —|_ ngwg —|_ ngw;g

2
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