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 1. INTRODUCTION 
 
 We study a new type of oceanic rogue wave 
which arises in the theory and modeling of directional 
sea states in shallow water coastal zones. In contrast 
to deep-water rogue waves, which are caused by the 
Benjamin-Feir instability, the shallow water rogue 
waves discussed herein do not arise from any 
instability: Instead they occur because of nonlinear 
interactions among cnoidal (Stokes) waves in the 
nonlinear directional spectrum. The basic 
nonlinearity is that of a Mach stem, a phenomenon 
identified by John Miles [Miles, 1977]. We show that 
the appearance of the Mach stem (and its much less 
nonlinear counter part) is a natural consequence of 
the spectral nature of directionally spread waves in 
shallow water. We give several examples of shallow 
water rogue waves. 
 The formulation begins with that of the 
Kadomtsev-Petviashvili (KP) equation [Novikov, et 
al 1980; Ablowitz and Segur, 1981] and its nonlinear 
spectral representation in terms of multi-dimensional 
Fourier series [Belokolos, et al, 1994]. We then show 
that the numerical spectral method for KP can be 
rendered “almost linear” by this spectral approach. 
This perspective provides a numerical model for KP 
which is about three orders of magnitude faster than 
the traditional leap-frog FFT spectral model. We refer 
to the algorithm as “hyperfast numerical integration” 
of the KP equation. We give an overview of this new 
approach and discuss how to extend it to the order of 
the Boussinesq equations. A number of directionally 
spread numerical simulations of the method are 
discussed. The appearance of the new type of rogue 
wave is invariably found in these simulations and we 
discuss their prediction using the new algorithms 
given herein. 
 We first discuss (Section 2) the numerical 
integration of linear partial differential wave 
equations using the fast Fourier transform. We show 
a novel way to program such a model which is then 

quite useful in the conception of a new class of 
nonlinear models (Section 3). Section 4 discusses the 
KP equation and its numerical model. A simple 
extension to a leading order Boussinesq equation is 
also discussed. Implementation of the new nonlinear 
model is discussed in Section 5 and some numerical 
results are given in Section 6. Finally in Section 7 we 
give some physical perspective about the formation 
of shallow water rogue waves. Section 8 is a 
summary and discussion of the results. 
 

 2. LINEAR NUMERICAL MODELING 
 

In this Section we discuss the modeling of linear 

partial differential equations. The procedure is based 

upon the fast Fourier transform (FFT) algorithm. One 

way to program this approach is shown in the flow 

chart of Fig. 1. Since we are dealing with a linear 

wave equation its solution is a linear superposition of 

directionally spread sine waves. Each wave has 

direction described by a wave number pair 

(kx ,!ky ) = (km ,!ln )  where the indices vary in the 

usual way m,!n = !N / 2...! 2,!1, 0,1, 2...N / 2 . Here 

N is the number of points on each side of the (x, y) 

domain, for example in typical numerical simulations 

one might take N = 128  or 512 points. From Fig. 1 

we see that the inputs to the algorithm are the total 

time of the simulation, T, the wave number pair, 

(kx ,!ky ) = (km ,!ln ) , the linear Fourier amplitudes, 

Amn , the Fourier phases, !mn  (often chosen to be 

random), and the frequencies, !mn = !mn (km , ln )  

(this is the linear dispersion relation). As seen from 

the flow chart the Fourier transform for each value of 

time, t, is then computed. A film of 500 or 1000 

frames or time values is a typical output. In the last 

box of Fig. 1 we take the FFT of the 1000 Fourier 

transforms to get the wave surface elevation at the 

1000 time points; then the film is made from these 

1000 surfaces.  
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Figure. 1. Simple flow chart of a numerical model for a linear partial differential equation with a well-defined 

dispersion relation. 
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Fig$re. 2. Simple flow chart of the numerical model for integrable and nonintegrable nonlinear partial 

differential equations with a well-defined dispersion relation. 
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where !" = #"x !""t + #" . The !"#$%&$' (%)*+$, 

associated with (2) (not discussed in detail herein) 

allows one to determine the period or Riemann 

matrix, !"# , wave numbers, kn , frequencies, !! , 

and phases, !! , appropriate to solving the -./012'

(%)*+$, for KdV, i.e. given the spatial variation of 

the solutions at t ! ! , namely !!x" #$ , compute for 

all time the solution, !!!" "# . 

 It is important to recognize that (2), for 

small amplitude waves, gives the usual ordinary 

Fourier transform as a solution to the +!"$.%!3$4 KdV 

equation: !! ! "#!$ ! "!$$$ " ! . Thus the 

generalized Fourier expression (2), (3), in the small 

amplitude limit, is just the ordinary Fourier approach 

commonly used for everyday data analysis problems. 

However, the main advantage of (2), (3) is that when 

the waves are ")5 small in amplitude one is able to 

fully generalize to a nonlinear set of basis functions 

(cnoidal waves, see for example [Weigel, 1964], 

[Mei, 1983]) and to include nonlinear interactions 

among these nonlinear modes. 

The Kadomtsev and Petviashvili (KP) equation, 

KdV generalized to the case of directional spreading, 

is given by 

 

!t ! co!x !"!!x ! #!xxx ! $ !%x
&!!yy " "  (4) 

 
Where !!x" y" t#  is the wave amplitude as a function 

of the two spatial variables, ! , y  and time, 5. The 

constants !" ,!!,!"  are given after (1) and ! ! !" ! " . 

The KP equation (4) is a natural two-space-dimension 

extension of the KdV equation (1). The periodic KP 

solutions include 4!%$05!)".+' &(%$.4!"6 in the wave 

field:  
 

!!!" "" ## !
$

"

#$

#!$
%&$!!" "" # '!"""%"&#  (5) 

 

Here the generalized Fourier series has the same form 

as above, but the phase has the 57)' 4!,$"&!)".+ 

expression: 
 

!!!" "" ## ! "! " #" ! ""# ! ##   (6) 

 

The spatial term !!  has been joined by the lateral 

spatial term !! , which allows wave spreading to be 

taken into account. The KP equation is the first 

nonlinear step toward a directional sea state; KP is 

however limited to small directional spreading. 

Improving the directional spreading characteristics of 

the KP equation requires the addition of physically 

important corrections to the equation as discussed 

below. 

 

 ". IMPL(M(NTATION OF TH( N(W 
NONLIN(AR MO1(L 

 

We now discuss certain aspects of the nonlinear 

preprocessor in the new approach for obtaining 

numerical solutions to nonlinear wave equations. See 

Osborne [1995, 2000, 2002] for useful references. 

8!%&5 note that one begins with the Riemann theta 

functions and makes a transformation. The simplest 

type of transformation is given by equation (5). In the 

numerical results discussed below we implement (5). 

9$0)"4 we will use the following result, i.e. that the 

theta function (3) can be reduced to an ordinary linear 

Fourier series with time varying coefficients: 
 

!!!" "" # # ! !$% !# #&
'(
$
!" ')

%
"" '"

$%

%!#$

$

%
$!#$

$

%   (7) 

 

Here the time varying coefficients !
!"
!# "  can be 

written analytically in terms of the Riemann matrix, 

phases and frequencies. Note that the above 

expression is rather simple, i.e. it is just an ordinary 

linear Fourier series, which in numerical applications 

has N
!

 terms. The theta function itself is quite 

different in behavior for it has an exponential number 

of terms ! "#
!

, which can be a huge number. 

Consider for example a case where N ! !" , i.e. 30 

cnoidal waves in the spectrum (see below for an 

example of a cnoidal wave). Then the number of 

terms in the theta function is far greater then the 

number of grains of sand on the earth, the number of 

galaxies in the universe, greater than Avogardro’s 

number and greater then the number of seconds since 

the big bang! Clearly the preprocessor has got to be 

pretty efficient to reduce 10
!

(~!"
#"

) to !
!

 (900)! 

We call the mathematical process to reduce the theta 

function onto the ordinary linear Fourier modes a 

“collapse”, i.e. the 10
!

 modes of the theta function 

are collapsed onto the !
!

 modes of the linear 

Fourier transform (for each value of time 5). Indeed 

we generally say that 7$' 0)++.(&$' 51$' 51$5.' :/"05!)"'

)"5)'51$'+!"$.%'8)/%!$%',)4$&. This process requires 
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some knowledge of the algebraic geometry of theta 

functions [Belokolos, et al, 1994] that we do not go 

into here. 

Another way to describe what we do in the 

preprocessor is to note that the theta function, which 

effectively has ~!"
!

 phase space dimensions, for all 

but a set of zero measure has only a !"#$%"&'(#)

%*&+,-) ".) (/0'1,) !2(3,) 3!(/,) 4'&,%3'"%3, i.e. 

!
!
+ "!

"
+ #!

#
+ $!

$
+ %%%  The proof of this 

statement is lengthy and will be documented in the 

future. We are therefore able to reduce the theta 

function from a calculation which is exponential in 

the number of modes (!"
!

) to one which is 

polynomial in the number of modes 

( !
2
! "!

3
! #!

4
! $!

5
! ... ) for computations of 

physical interest. The preprocessor algorithm must 

therefore be able to find this polynomial number of 

phase space dimensions or must have () !-'"-' 

knowledge of what they are in order to collapse the 

theta function onto the linear Fourier modes. We are 

investigating a number of approaches at the present 

time to do this and now have four that are useful for 

the collapsing process. Only one of these methods 

(clearly the best up to now) is %"0 exponential. Fig. 2 

shows a flow chart of some of the significant steps in 

the integration of nonlinear wave equations. In order 

to illustrate the polynomial behavior for the number 

of theta function modes ( N ! aN
!
! bN

"
! cN

#
! $$$ ) 

we show in Fig. 3 a typical example which works 

quite well for a fifth order polynomial. Thus roughly 

30,000 active theta function degrees of freedom are 

required to do the simulations herein where the 

Riemann matrix was taken to be 25x25. For the 

particular limits taken in the theta function we had a 

total of 5 trillion degrees of freedom! The reduction 

from 5 trillion to 30 thousand active modes provides 

the basis for the fast nature of the present algorithm. 

The assessment of sparseness and the determination 

of the actual active degrees of freedom in the 

Riemann theta function is one of the most 

fundamental of the preprocessor tasks. 

 
! "#!$%&'()*+,!('-%,.-!

!

We now consider some of the numerical results. To 

be concrete we have chosen the KP equation, i.e. 

directionally spread waves in shallow water that are 

distributed over relatively small angles. An example 

of a directionally spread wave train is given in Fig. 4. 

The significant wave height is 1.5 m and the water 

depth is 8 m. There are 24 cnoidal waves in the 

spectrum with a maximum modulus of 0.84 (these are 

strongly nonlinear waves, but they are still less 

nonlinear than solitons which have a modulus of 1). 

This latter cnoidal wave of modulus 0.84 is shown in 

Fig. 5 and its corresponding profile is shown in Fig. 

6. In the latter figures we see that the wave is really 

Stokes-like in its shape, a result of the nonlinearities 

in the KP equation. 

We now turn to the modified or !"#!$%!%& '(&
!)*+#,-$, which we refer to as xKP. This equation is 
found from the KP equation by extending it an 
additional two orders of approximation beyond the 
KP equation and for many .*/.-0!0& "'(& 1!2+3!0&
!00!$#,+445&4,6!&#2!&7-*00,$!0)&!)*+#,-$. To add this 
extended feature to the model in Fig. 2 we must of 
course add a #,8!& 3+/5,$9& :,!8+$$& 8+#/,"& +$%&
.2+0!0. To this end the model of Fig. 2 must be 
modified by adding the dynamics of the Riemann 
matrix and phases to the blue box in the figure. This 
step is quite mathematical and will therefore be 
documented in detail at a later time. 

 

 
!

/01234# 5# Number of active degrees of freedom as a 

function of the number of nonlinear modes 

(dimension of Riemann theta function), for a typical 

simulation with a 256x256 spatial grid for 500 time 

points. 

 
The numerical results for the Boussinesq model 

are shown in Figs. 7 through 11. One of the major 
new results which have come from these simulations 
is the appearance of a %,5)6'%4)".)-"7*,)5(1, which 
occurs only in shallow water wave dynamics and is 
not related to the Benjamin-Feir instability. Shallow 
water rogue waves of the type observed in the 
simulations occur due to strong nonlinear interactions 
between two or more cnoidal waves and in their 
simplest form are a mildly nonlinear precursor to the 
Mach stem.  
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$he other ma,or result is the small amount o2 
3omputer time required 2or these simulations7 $he 
8aves are signi2i3antly nonlinear 8ith the ratio o2 
signi2i3ant 8ave height to 8ater depth given by 
Hs / h = 1.5m / 8m = 0.1875  and the maximum 8ave 
height to depth is Hmax / h = 3.4m / 8m = 0.425 7 $he 
integration domain is >?? m by >?? m and has @A# x 
@A# spatial bins7 B total o2 >?? time values 8ere 
3omputed to make a 2ilm7 $he total 3pu time 8as @D 
se3 on a Ea3intosh F> running at A7> FGH Ithis result 
is 3onsiderably 2aster than previous versions o2 the 
3odeJ7 $his 3ompares to a split"step KK$ 3ode 8hi3h 
took @@ hours to 3ompute the same problem on the 
same 3omputer7  

$hus the prepro3essor multi"dimensional Kourier 
model 8hi3h 8e have developed is over A??? times 
2aster than the split"step KK$ 3ode7 Kor a number o2 
reasons 8hi3h 8e 8ill not mention hereL 8e 
anti3ipate additional improvement in the prepro3essor  

 

 
 

!i#ure. (. $ypi3al 8ave 2ield in simulation o2 KP 

equation7 $he signi2i3ant 8ave height is @7> m and 

the 8ater depth is # m7 

 

 
 

!i#ure. ). B single 3noidal 8ave basis 2un3tion is 

e22e3tively a Otokes 8ave 8hi3h is up"do8n 

asymmetri3L having a narro8 peak and a broad 

trough7 

 
 

!i#ure. 6. B single 3noidal 8ave basis 2un3tion Isee 

Kig7 >J sho8ing the narro8 peak and broad trough7 

$he 8ave modulus Ia number bet8een ? and @ 

indi3ating nonlinearityJ is ! ! 0.#4 7 
 

 
 

!i#ure. +. B large rogue 8ave o2 height P7Q m in the 

Boussinesq IxKPJ simulation7 $he signi2i3ant 8ave 

height is @7> m7 Sote the presen3e o2 the rogue 8aves 

8hose maxima are sho8n in red7 

 

 
!i#ure. ,. Opa3e series o2 the shallo8 8ater rogue 

8ave o2 Kig7 T7 $he height is P7Q m and the 8ave 

length is @Q> m7 
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